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I. INTRODUCTION

Fractional calculus includes the derivative and integral of any real order or complex order. In the past few decades,
fractional calculus has gained much attention as a result of its demonstrated applications in various fields of science and
engineering such as physics, biology, mechanics, electrical engineering, viscoelasticity, dynamics, control theory,
modelling, economics, and so on [1-11].

However, fractional calculus is different from ordinary calculus. The definition of fractional derivative is not unique.
Common definitions include Riemann Liouville (R-L) fractional derivative, Caputo fractional derivative, Grunwald-
Letnikov (G-L) fractional derivative and Jumarie’s modification of R-L fractional derivative [12-16]. Since Jumarie type
of R-L fractional derivative helps to avoid non-zero fractional derivative of constant function, it is easier to use this
definition to connect fractional calculus with classical calculus.

In this paper, based on the Jumarie’s modified R-L fractional calculus and a new multiplication of fractional analytic
functions, we find arbitrary order a-fractional derivative of the following a-fractional rational function:

Qu
®q 2 ®q (p—2n)
ay 1 a a2 lp/2 2n 1 a «
fa(x) = [(S F(a+1)x + t) r ] ®“ [Z )r [S F(a+1)x + t] ]

where 0 < a <1, s,t,r are real numbers, and p is a positive integer. In fact, our result is a generalization of classical
calculus result.

Il. PRELIMINARIES
At first, we introduce the fractional derivative used in this paper and its properties.

Definition 2.1 ([17]): Let 0 < a < 1, and x, be a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional
derivative is defined by

x f(t)— f(xo)
r(1 a) dx fxo (x-t)® dt . @)

(xoD;cl)[f(x)]

where T'( ) is the gamma function. On the other hand, for any positive integer m, we define (XOD,?)m[f(x)] =
(D) (2, DF) = (2, DE)[f (x)], the m-th order a-fractional derivative of £ (x).
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Proposition 2.2 ([18]): If a,B,x,, C are real numbers and g = a > 0, then

(D) = x0)F] = i (e = %), )

and

(x,Dg)ICc] = 0. ®)
Next, we introduce the definition of fractional analytic function.

Definition 2.3 ([19]): If x, x,, and a;, are real numbers for all k, x, € (a,b), and 0 < a < 1. If the function f,:[a,b] - R

can be expressed as an a -fractional power series, i.e., f,(x%) = Yo Om( X — xo)™* on some open interval

containing x,, then we say that f,(x%) is a-fractional analytic at x,. Furthermore, if f,:[a,b] - R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then £, is called an a-fractional
analytic function on [a, b].

Next, a new multiplication of fractional analytic functions is introduced below.

Definition 2.4 ([20]): Let 0 < @« <1, and x, be a real number. If f,(x%) and g,(x*) are two a-fractional analytic
functions defined on an interval containing x, ,

[ = Eino ps (x = )™, @)
9ax) = Do rpum s (o = %)™ (5)
Then we define
fa ()@ ga(x?)
= S0 ry (= X0)™ @ Lo py (0 = x)™
= 20 o e (B0 (gn) @nmbin) (e = 500" ©)
Equivalently,
()B4 g (x)
= S0 (s =) B B2 (s - x))
= 0 (B () i) (e =20 0

Definition 2.5 ([21]): If 0 < a < 1,and f,(x%), g,(x%) are two a-fractional analytic functions defined on an interval
containing x, ,

a Rqn
falx®) = Bitmo s (e = x)™ = Tig 2 (s (= 20)) (8)
92 = Do s (= x)™ = B2 (s (= x)) ©
The compositions of f,(x%) and g, (x%) are defined by
(fr © 9D @) = fu(9a X)) = o2 (g2 (x®) ™", (10)
and
( ofa)(x“) - ga(fa(xa)) Zn 0 (fa a)) (11)
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Definition 2.6 ([22]): Let0 < a <1, and f,(x%), g,(x%) be two a-fractional analytic functions. Then (fa(x“))®“” =
fu(x)Rq ++* Oy for(x%) is called the nth power of £, (x*). On the other hand, if f,(x*)®, g.(x*) = 1, then g, (x%) is
called the ®,, reciprocal of f,(x%), and is denoted by (fa(x“))%_l.

Notation 2.7: If r is a real number and n is a positive integer. Define [r], =r(r+ 1) (r+n—1)and [r], = 1.
Notation 2.8: If s is a real number, the largest integer less than or equal to s is denoted by |[s].

Theorem 2.9 (fractional binomial theorem): If 0 < @ < 1, n is a positive integer and f,(x%), g,(x%) are two a-
fractional analytic functions. Then

[ + ga@1®em = 50 (1) (o) ® @ (92 (x®) ™™™, (12)

n!

where (Z) - kl(n-k)!

I1l. MAIN RESULTS
In this section, we find the fractional derivatives of some type of fractional rational function. At first, we need a lemma.

Lemma3.1l: If0 < a <1, s,t,r are real numbers, and p is a positive integer, then

%{[(S F(a1+1) x*+ t) + T]®a P + [(5 F(a1+1) X% + t) _ r]®u (—P)}

®q (-p)

= [(s l"(a+1)x + t)®a2 —r?

Proof By fractional binomial theorem,

im0+ ™ o (o + -

®q (=P)
| o f[smamr )+ ™ + [+ ) -1

®q (p—2n)
] . (13)

®. [le/z (2)rer [Sﬁxa +]

®q 2
_1 1 .« at 2
T2 [(S F((x+1)x + t) T

®q2
— l 1 a ) @ .2
T2 [(S T'(a+1) X"+t r

&a(p—n)

®q (=) p ) ®q (p-1)
] Q. [Zﬁ:o (n)rn [smx“+t] ]+ ( )( )n[ F(a+1) ¥

]®a -p)

o ]®a(p—n)]

=1 1 a ®a2  , n 1
=2 [(Sr(aﬂ)x +t) r Qu [Z [1+( 1)™rm [ St Xttt

®q (-p

Ou (p—Zn)]

)
= [(s F(a1+1)x“ + t)®a2 - rz] Qe [le/z (Zn) rin [sﬁx“ + t] g.e.d.

Theorem 3.2: If 0 < a <1, s,t,r are real numbers, and m, p are positive integers, then the m-th order a-fractional
derivative of the a-fractional rational function

®q (-p)
a

x (14)

®q (p—2n)
I'(a+1) ]

R, [le/zl )an [S

Qa2
ay — 1 a ) a2
fo(x®) = [(Sr(a+1)x +t r
is

(o) [fu(x®]
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®q (-p—-m)

®Rq 2 ®q (p+m-2k)
— (_1\ymem 1 a .2 l(p+m)/2J pt+m\ i a
= corsripld (s )™= e [ R e ()]

(15)
Proof BylLemma3.1
m
(oD#) [fux™]
®q (-p)
— a\™m 1 a ®a 2 .2 lp/2] 2n 1 a ®a (P—2n)
- ( OD") [(S TarD ™~ + t) r B [E ( n)r [S TatD ~ + t]
[ ®a ()

— )™ [ 1 a ®az n a ®q (p—m)
_(OD") 2 [(s ra+n ™~ +t) r B« [Z 1+( Dt [ STan ™ ]

L C | G I R G

= 5™ (=1)"[pl {[(s X L)+ AT (s L e)- r]®a(—p—m)}

_1.m m 1 a ®a 2 2 Ba ®q (p+m) 1 a
=251 [Pl (s rarn) ™ + t) -r B [( T(a +1)x + t) + r] + [(S T+ + t) -
r®a(p+m)
Qq (—p—m)
Qq 2 + ®q (p+m-2k)
_ (_1ymm .2 [(p+m)/2] pTm\ _ 2p a
= (D" [plm [(s I'(a +1)x +t) r ®q [ k=0 ( 2k ) (s l"(a+1)x ) ]

g.e.d.
IV. CONCLUSION

In this paper, based on Jumarie’s modified R-L fractional calculus and a new multiplication of fractional analytic
functions, we obtain arbitrary order fractional derivative of some type of fractional rational function. In fact, our result is a
generalization of classical calculus result. In the future, we will continue to use Jumarie type of R-L fractional calculus
and a new multiplication of fractional analytic functions to study the problems in fractional differential equations and
applied mathematics.
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